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Nutrient-response: a long random walk 
through metabolic pathways 
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An equation has been derived to describe the relationship between response and nutrient intake. This 
derivation has been based on stochastic principles in which the metabolites invoh'ed were treated as 
discrete states. Derivation involved calculation of  the fractional oeeupan~T of  each state during a 
continuous random walk through the graph, which represented the metabolic pathway. The resultant 
equation is a rational polynomial. A rational polynomial can accommodate the various shapes o f  
nutrient-response curves that have been reported. 
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Introduction 

Monod ~ demonst ra ted  that bacterial growth in the ex- 
ponential phase is a rectangular  hyperbolic function 
of the amount  of  the limiting nutrient. In this regard, 
the nutr ient-response relationship appeared to be 
analogous to the effect of  a substrate on the rate 
of  an enzyme-ca ta lyzed  reaction,  but Monod advised 
against the conclusion that a complex biological pro- 
cess,  such as growth,  might be controlled by the rate 
of  a single enzymic  step. Morgan et al. 2 suggested that 
the response of higher organisms to a nutrient is a 
rational function of  nutrient intake provided that some 
of the parameters  of  the rational polynomial  were as- 
signed a value of  zero. Schulz 3 proposed that the 
nutr ient-response relationship is described better  by a 
general rational polynomial ,  i.e., a ratio of  polynomi- 
als, without arbi trary assumpt ions  concerning the 
magnitude of  any of  the parameters .  Further  analysis 
of  the rational polynomial  that describes a nutrient- 
response  curve provides a means of partitioning the 
nutrient into metabolic  pa thways  that are defined 
mathematical ly.  4 

It is not surprising that nutr ient-response curves 
might be described by a rational polynomial ,  for the 
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rates of  most  biological reactions are described by ra- 
tional polynomials.  5 In many of these instances,  such 
as the kinetics of  enzyme action, the rate equation can 
be derived on the basis of  the mechanism.  6 It has not 
been possible to derive an equation from comparable  
considerat ions for the rate of  response of an animal to 
a given nutrient. However ,  Bar tholomay 7 developed 
an alternative derivation of the rate equation for an 
enzyme-ca ta lyzed  reaction based on stochastic princi- 
ples. This approach to enzyme kinetics has been ex- 
panded upon by Ninio 8 and by Mazur.  9 Hill has 
shown, in an excellent series of  recent publications, 
that the application of stochastic principles to enzyme 
action and biochemical  cycle kinetics is facilitated by 
representing the different enzyme states as directed 
graphs. 1045 

The purpose of this publication is to report  the utili- 
zation of Hill 's  graphical implementat ion of stochastic 
principles for the derivation of  a general type of equa- 
tion to describe nutr ient-response relationships. This 
approach is similar to compar tmenta l  analysis ~6 except 
that the present  approach will employ graph theory to 
facilitate the derivation. Compar tmenta l  analysis can 
give rise to the same type of general equation, i.e., a 
rational polynomial ,  t7 However ,  as will be discussed 
in a later section, the t reatment  developed here is dedi- 
cated to utilize the data generally accessible in nutri- 
tional experiments .  

Mathematical treatment 

Derivation of rate equations for steady state enzyme 
kinetics based on stochastic principles has been 
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accomplished.  68 In this discussion, the sys tem under  
considerat ion will be the states accessible to a nutrient 
during its journey  through the metabolic pa thways ,  
which culminate in the measured response.  The sto- 
chastic approach  to this problem is facilitated by rep- 
resenting the accessible states as vertices on a 
graph. 943 In the context  of  this discussion, the differ- 
ent states can be different metaboli tes  along the meta-  
bolic pa thway,  but some of the states could represent  
the same metaboli te  in different pools. The vertices 
are connected by edges (lines) that represent  the al- 
lowable transitions between states. If  arrows are 
added to the edges,  the graph becomes  a directed 
graph (digraph), and the indicated transition is as- 
signed a weight, o's.a, which is proport ional  to the prob- 
ability of  the indicated transition. The first subscript 
to the 0" identifies the source state, and the second 
subscript  identifies the destination state. 

It is not the intention in this discussion to treat  the 
transitions that occur  in a metabolic pa thway at a fun- 
damental  molecular  level. Rather,  the transitions will 
be described in terms of  rate constants  and concentra-  
tions. The te rm rate constant ,  as employed here, does 
not imply a true constant ,  but rather the rate of  transi- 
tion at a given nutrient level. Thus,  the rate may reflect 
steady state enzyme  kinetics, first order,  or some 
other order  of  kinetics. 

In light of  the foregoing discussion, a metabolic 
pa thway can be viewed as a series of  interconnections 
of  discrete states,  any one of which might be visited 
on a journey  (walk) through the pathway.  To visualize 
such a walk, it is necessary  to identify a discrete start- 
ing state and a discrete final state. The starting state 
could be the nutrient or a compound  whose concentra-  
tion in the body is directly proportional  to the level of  
nutrient intake. The final state, or states, is where the 
walk through the pa thway ends, and it is termed the 
destination state(s). In his development  of  random 
walks on diagrams,  Hill 9'13 employed the term absorp- 
tion rather  than termination.  One could calculate the 
probabili ty that any specific state might be visited at 
a specific t ime during a very large number  of  random 
walks through the pathway.  Alternately,  if transition 
to a termination state were to result in an instanta- 
neous t ransfer  to the starting state, one could obtain 
a similar result by calculating the probabili ty that a 
given state would be occupied at a given time during 
a single cont inuous random walk. 1°-13 This transition 
from the termination state to the starting state is intro- 
duced only as a conceptual  aid to visualizing a sin- 
gle cont inuous random walk through the digraph. It 
should not be misconst rued as a biochemical  conver-  
sion of the end product  directly to the starting metabo-  
lite. Rather,  the metabolic  implication is that this treat- 
ment applies to the total synthesis of  the end product ,  
and this is measured  by compar ison of the response 
of animals on a given nutritional regime compared  to 
animals on a diet devoid of the nutrient in question. 

Figure 1 represents  a metabolic  pa thway in which 
state 1 is the starting state and states 4 and 5 are termi- 
nation states. In this discussion, it is assumed that the 
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Figure 1 Diagram of a five state metabol ic pathway. State 1 is 
the starting state and states 4 and 5 are termination states. A: open 
diagram; B: closed diagram. 

probabili ty of  transition f rom state 1 to either state 
2 or state 3 is proport ional  to nutrient intake. For  a 
continuous random walk, the open digraph of  Figure 
IA can be conver ted  to the closed digraph of  Figure 
lB. It must  be understood that convers ion  of the open 
digraph to the closed digraph is to visualize the con- 
cept of  a single continuous random walk. It should 
not be interpreted as a closed metabolic cycle. The 
probabili ty that state i is occupied at any given time 
is defined as Pi. I f  the states which comprise  the path- 
way are in steady state, the following sys tem of equa- 
tions can be written for the pa thway in Figure IB: 

dP~ 
-- (0"12 " 0"13)nPi + (azl + 0"24)P2 

dt (1) 
+ (a31 + a35) =- 0 

dP2 

dt 

dP3 

dt 

= Of12 nPI - (°~21 + 0'24)P2 = 0 (2) 

= 0"13 nPt - (0~31 4- 0"35)P_~ = 0 (3) 

In the above expressions,  n represents  nutrient intake. 
Only two of  the foregoing equations are independent .  
However ,  since one of  the states will be occupied at 
any given time: 

Pt + P2 + P3 = 1 (4) 

Any one of equations 1-3 can be replaced by equation 
4, and the resulting sys tem of  equations can be solved 
for the unknown probabilit ies.  For  example ,  

--(O~21 + 0:24) 0 P2 = (5) 

al3n 0 - (%1 + a35) P3 

There are a number  of  efficient methods  available 
for obtaining a numerical  determinant ,  but C ramer ' s  
rule is the most  feasible method for obtaining a sym- 
bolic determinant .  Unfor tunate ly ,  C ramer ' s  rule is not 
an efficient procedure  for matrix inversion,  and for 
that reason Hill 1°45 used the graphical procedure  em- 
ployed by King and Altman. 18 However ,  even the 
King and Altman procedure  becomes  unwieldy in the 
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Figure 2 Diagram of a five state, branched metabolic pathway 
State 1 is the starting state and state 5 is the termination state. A: 
open diagram; B: closed diagram; C: cycles formed by closed 
diagram. 

case of  branched paths.  Representat ion of a pathway 
as a connect ion matrix,  as has been done for deriva- 
tion of rate equations for enzymic  reactions,  ~9 is more 
concise and has the enormous  advantage that it can 
be incorporated readily into a computer -based  algo- 
rithm. 2° Derivat ion of the express ions  for the probabil- 
ities in Figure 1B, using the connect ion matrix 
method,  is presented in Appendix A. 

The derived express ions  for the fractional probabili- 
ties are: 

Pl = (a2= + Ix24)(°/31 q- 0/35)/~ (6) 

P~ = Oll2 (a31 -{- od35 ) H/E (7) 

P3 = a13 (0/21 + a24)hie (8) 

where E = (a21 + a24)(a31 + a35) + a12 (a3~ + a35) 
n + 0/13 (OL21 q'- 0/24) n. Figure IB contains two one-way 
cycles.  The flux through each of  the cycles is: 

J a  = 0/24P2 (9) 

JI, = a35P3. (10) 

Figure 2A por t rays  a five-state pa thway in which 
state I is the starting state and state 5 is the termina- 
tion state. For  the purpose  of  this discussion, the prob- 
ability of  transitions f rom state 1 to states 2 and 3 and 
the transition f rom state 3 to state 4 are assumed to 
be proport ional  to nutrient intake. I f  a random walk 
reaches the termination state, it is assumed that the 
walk will be t ransferred instantaneously to the starting 
state, and this is por t rayed  in the closed digraph of 
Figure 2B. Appendix B gives the derivation of the ex- 
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pressions for the probabil i ty of  fractional occupancy 
of the different states, These expressions are: 

PI = [°~21°t-31 (°L42 q- 0(43 q- 0/45) 
Jr- ~240~31 (~43 + C(45) { I [)  
~- O~-21OL34 (O/.42 q- Ot_45 ) II -- OL24(Y.340/.45 /l]/~. 

P~ = [~12°/-31 (0/-42 + 0/-43 + 0:45)/1 
+ Ot-120t34 (Ct42 + Ot4S)112 (12) 
+ ~13R34~42 n2]/Y. 

P3 = [°LI3~21 (~42 q- 0/-43 -? °1-45) H 
q- 0t-13~24 (0t43 q- OL45) KI (13) 
q- OLI2Ot-24OL43) 1 l ] / ~  

P4 = [°t-12°t-240¢,31 // q- °/-13°/-34 (ct21 q- 0t24) n2 
q- O/q20/'240~34 n2]/E (14) 

where ~ is the sum of the numerators  of  the foregoing 
expressions.  There are a total of  four one-way cycles 
described by Figure 2B, and these are shown in Figure 
2C. The total flux through the pathway is the sum of 
cyles A and B and is given by equation 15. 

J = J~, + Jb  -- °~45P4 (15)  

D i s c u s s i o n  

Although it appears  that nutr ient-response curves can 
be described by rational polynomials,  N the fitting of 
these curves to rational polynomials  has been empiri- 
cal. This paper  presents  mathematical  derivation of a 
general type of  equation for nutrient-response based 
on stochastic principles. This derivation is based on 
the assumpt ion that the intermediate metabolites are 
in steady state. The derived expressions are rational 
polynomials  with respect  to nutrient intake. 

The metabolic pa thway in Figure I represents a 
very simple pathway for the metabol ism of a nutrient. 
One of  the termination states, state 4, for example,  can 
be visualized as the state that represents the observed 
response.  State 5, the second termination state, can 
be visualized as excret ion of the nutrient or excretion 
of a metaboli te formed from the nutrient. Thus,  flux 
through cycle A of Figure lB would be the measured 
response,  while cycle B would be an excretory cycle. 
Equation 9 would express  the nutrient-response rela- 
tionship. In this case,  the nutrient-response relation- 
ship would be a 1:1 rational polynomial in nutrient 
intake. That is, the right-hand side of  equation 9 is a 
ratio of  polynomials  each of which contains nutrient 
intake raised to the first power.  Equation 9 can be 
reformulated in general terms as 

cqn 
r - - -  ( 1 6 )  

where r is the measured response,  and 

~1 ~ 0/120/24(O/31 q- Ol35) (17) 

/~0 = (O:21 + 0/24)(0/31 q- Ol35) (18)  

/~1 = Q'I2 (O/31 -ff 0/3'~) -'~ O/13((1'21 + 0/24) (19) 

It was postulated previously 4 that, in the case where 
the response is a I : 1 function of nutrient intake, the 



response is proportional  to the ratio/31n:(/30 + /3in), 
and that the proportionali ty factor is 0/~:/31. This pro- 
portionality factor can be expressed as 

0/I = 0/24 

/31 0/13 (0/21 + 0/24 ) (20)  
1 +  

0/J2 (0/31 + 0/3_s) 

The pathway portrayed in Figure 2 is more complex 
than that portrayed in Figure 1. In this instance, the 
nutrient, or a metabolite whose concentrat ion is di- 
rectly proportional to nutrient intake, interacts at two 
sites in the pathway. This might occur  in a number of 
ways. For  example,  if the nutrient were dietary pro- 
tein and the observed response were the net increase 
in body protein nitrogen, Figure 2 could represent a 
very abbreviated pathway for the process. State I, the 
starting state, could be visualized as the amino acids 
derived from dietary protein. Some of  these amino 
acids could be incorporated into body protein by a 
pathway represented by cycle A of  Figure 2C. In this 
path, state 2 might be visualized as amino acyl-AMP, 
and state 4 as the tRNA amino acid. The probability 
of  transition from state 1 to state 2 would be propor- 
tional to dietary protein intake. In an alternate path- 
way, amino groups from the amino acids arising from 
dietary protein could be transferred to amino ac- 
ceptors,  so that these amino groups, along with amino 
groups from other  sources,  would constitute the total 
amino pool. Likewise, the resultant alpha keto acids 
would be one source of an alpha keto acid pool. This 
alpha keto acid pool can be visualized as state 3 in 
Figure 2. Amino groups could be transferred to alpha 
keto acids subsequently,  and the probability that an 
amino group arising from dietary protein would be 
transferred to an alpha keto acid arising from dietary 
protein is portrayed in cycle B of Figure 2C. The path- 
way shown in Figure 2 does not contain all of  the 
states that would be involved in the metabolism of 
dietary protein. It is intended only to portray a mini- 
mal pathway to account  for the interaction of nutrient 
at two sites in the pathway. 

The total flux through the pathway presented in Fig- 
ure 2 is given by equation 15, and gives rise to the 
following general 2 :2  rational polynomial: 

0/i/7 + 0/2 n2 
r = (21) 

/30 + /31n + /32n2 

where 

0:1 = Og120:24Og310:45 (22) 

O~2 = 0/340/45 [0/120/24 + 0/13 (0/21 + Ot24)] (23)  

/3(1 = 0/31 [0/21 (0/42 + 0/43 + 0/45) (24)  

+ 0:24 (0/4:~ q- 0:45)] 

/31 = 0/24 [0/12 (O~31 + 0/43) + 0/13 (0:43 + 0/45) 

+ 0/340/45] + 0/21 [0/34 (0/42 + 0/45) 

+ 0/13 (0/42 + 0/43 + 0/45] (25) 

+ 0/31 [0/12 (0/42 + 0/43 -{- 0:45] 
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/32 = 0/34 [(a120/24 + a130/42) + 0/12 (0/42 + 0/45) (26) 

+ 0/13 (0/21 + 0/24)] 

It was concluded previously 4 that, if the measured re- 
sponse were a 2 : 2 function of nutrient intake, the pro- 
portionality factor that would relate the response to 
the fraction/32n2/(/30 + /31n + /32n 2) is (0/l/n + 0/2)//32. 
If a sufficiently high level of nutrient intake can be 
achieved, the proportionality factor would be approxi- 
mately 0/2//3,. In terms of the probabilities of the transi- 
tions in Figure 2, the proportionali ty factor if the fore- 
going condition were met is: 

O~ 2 0:45 
- -  = ( 2 7 )  

/32 0/130/42 -{'- 0/12 (0/42 -{- 0/45) 
1 +  

0/120/24 + 0/13 (0/21 4- 0/24) 

For the purpose of  conciseness,  the pathway por- 
trayed in Figure 2 does not contain a termination state 
identified as an excre tory  state. Any number of addi- 
tional termination states could be included in the 
pathway. 

The metabolic pathways in Figures 1 and 2 are sim- 
ple, but they suffice to demonstrate  that, by use of 
probability theory,  it is possible to derive an expres- 
sion relating an observed response to nutrient intake. 
The simplicity of  the pathways considered does not 
detract from the generality of the derivation presented 
in this paper as is evidenced by the fact that the treat- 
ment developed by Henri for a very simple enzymic 
reaction is applicable to very complex enzymic mod- 
els. 6 It appears that this is the first time that an 
equation has been derived to describe the nutrient- 
response relationship. The following is the resulting 
general equation that describes nutrient-response rela- 
tionships. 

1 

E 0/i Hi 
i=1 

r - - - ,  m>-l,0/i>-O,/3i->0, where all/3i¢=0 (28) m 

E / 3 i  ni 
i = 0 

The foregoing equation can describe a wide variety 
of curves, including hyperbolic curves, sigmoidal 
curves, curves that provide for inhibition of response 
at high levels of nutrient intake, and even curves with 
multiple turning points. 3 It is the same type of equation 
that relates the rate of an enzyme-catalyzed reaction 
in steady state to substrate concentration.  6 No other 
equation has been of  equal value in elucidating the 
reaction sequence of enzymes,  and equation 28 has 
equal potential in analysis of nutrient-response rela- 
tionships. The metabolic fate of  the nutrient deter- 
mines the shape of the curve,  and hence it determines 
the magnitude of  the parameters of  equation 28. Anal- 
ysis of the nutrient-response curve provides estimates 
of the parameters  (for example see reference 3). The 
information thus obtained provides a link between the 
data accessible to nutritionists working at the level of 
the whole animal and the current theories of metabolic 
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cont ro l  at the molecu la r  level.  2j-25 That  is, data  ob- 
ta ined with the whole  an imal  can be corre la ted  with 
flux and  c o n c e n t r a t i o n  cont ro l  coefficients  and  log- 
ar i thmic  gains.  4 

The  p resen t  work  has p rov ided  der iva t ion  of a ratio- 
nal po lynomia l  for the n u t r i e n t - r e s p o n s e  such that the 
fitting of data  ob ta ined  in nut r i t iona l  expe r imen t s  to an 
equa t ion  is not  mere ly  empir ica l ,  but  has a theoret ical  
basis.  B r o w n  et al. 26 co ined  the term " t o p - d o w n "  for 
the ana lys i s  of  me tabo l i c  cont ro l  f rom the level of the 
organel le  and  cell d o w n  to the level of the metabol ic  
pa thway .  In  the op in ion  of  this au thor ,  the science of 
nu t r i t ion  is well pos i t ioned  to p ionee r  this " t o p - d o w n "  
approach  to metabol ic  cont ro l  f rom the level of the 
intact  an imal .  
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A p p e n d i x  A 

A c o n n e c t i o n  matr ix  for the metabol ic  pa thway  por- 
t rayed in F i g u r e  I A  is cons t ruc t ed  such that the rows 
of  the matr ix  co r r e spond  to the source  states of the 
a l lowable  t rans i t ions ,  while the co lumns  cor respond  
to the des t ina t ion  states of the t rans i t ions .  Hence ,  the 
pa thway  in F i g u r e  I A  can  be represen ted  by a 3 x 5 
c o n n e c t i o n  matr ix .  The  e l emen t s  of each row of the 
c o n n e c t i o n  matr ix  are de t e rmined  in accordance  with 
the fol lowing rules.  ( l)  If  there is a t rans i t ion  from the 
source  state to the des t ina t ion  state,  the e lement  is I 
or, if the probabi l i ty  of  the t rans i t ion  is propor t ional  
to nu t r ien t  intake,  the e l emen t  is n. (2) If there is no 
t rans i t ion  from the source  to the des t ina t ion  state,  the 
e lement  is 0. The c o n n e c t i o n  matrix for the pa thway 
in F i g u r e  I A  is: 

0 n n 0 0 3 
U =  1 0 0 1 0 Q =  4 

1 0 0 0 1 5 

Analys i s  of the U matr ix  is facil i tated by a second-  
ary matr ix .  This  is mat r ix  Q, and it is cons t ruc ted  from 
U such that the e l emen t s  of each row of Q identify the 
non-ze ro  e l emen t s  of the co r r e spond ing  row of U. The 
p rob lem is to calcula te  the probabi l i ty  of  oc cupancy  
of each of the three states in F i g u r e  I B  at any  given 
time dur ing  the c o n t i n u o u s  walk through the closed 
digraph.  In each case,  the n u m e r a t o r  of the probabi l i ty  
is g iven by the sum of  all of  the directed spann ing  trees 
that lead to the state for which the probabi l i ty  is being 
calculated.  2° The  d e n o m i n a t o r  is the sum of all the 
numera to r s .  A di rec ted  spann ing  tree is a non-cycl ic  
path that leads to the state in ques t ion  from all of  the 
o ther  states.  These  d i rec ted  spann ing  trees are ob- 
ta ined by cons t ruc t ing  a matr ix  for the probabi l i ty  of 
o c c u p a n c y  of each state by replacing each e lement  in 
the row of Q c o r r e spond i ng  to the state involved  with 
zeros.  ~s The  p rocedure  is i l lustrated by the expres-  
sions for the n u m e r a t o r s  of each probabi l i ty :  

i 
i (0,1,I)  --= o~2jo~31 

QI = (0,1,5) ~ Og210~35 = P~ 
(0,4,1) ~- o~24oL31 
(0,4,5) ~- 0L24@3~ 

Q2 = (2,0,1) ~- @tzo~31rt = P,  
(2,0,5) ~- c~j2c~35n 



Q3 = (3,1,0) = °q3a21n = P3 
(3,4,0) =- oq3c~24n 

Each probabil i ty is a quotient,  the denominator  of  
which is the sum of  the above  numerators .  

Each path,  which may or may not be a valid di- 
rected spanning tree,  is obtained by forming a vector  
containing one e lement  f rom each row of the Qi ma- 
trix. The e lements  of  the vector  are aligned in accor- 
dance with the row of the matrix from which they 
came.  Each e lement  in the vector  represents  the 
weight, a,..j, of  a transition. The source state of  the 
transition is identified by the location of the element 
in the vector  while the destination state is the value of 
the element.  When the element  in the vector  is 0, no 
transition originates f rom the identified state. In the 
foregoing express ions ,  the valid spanning trees that 
comprise  the probabil i ty of  occupancy  of  each state 
are expressed  both in vector  form and as products  of  
transition weights. 

The algorithm to distinguish between spanning trees 
and cyclic paths has been described fully elsewhere.~9 
The algorithm was developed for implementat ion on a 
computer ,  but it can be employed manually.  The test 
for validity is conducted on the path in question in the 
vector  form. An index is initially set to 1, that is, the 
index is set initially to point to the first element in the 
vector .  If  the value of the element  identified is either 
0 or greater  than the index, the path is not cyclic to 
that point,  and the index is incremented.  It must be 
borne in mind that, if the element identified has the 
value of a termination state, the value of the element 
should be interpreted as that of  the starting state. If 
the value of the identified element  is less than that of  
the index, it is necessary  to use that value as a pointer 
to a new element  that is to be compared  to the index. 
If  the value of  the new element  is either equal to 0 or 
is greater  than the index, the path is valid to that point 
and the index can be incremented.  If  the value of the 
new element  is less than the index, the foregoing pro- 
cedure must be repeated.  Anyt ime the value of the 
identified element  is equal to the index, the path is 
cyclic and therefore,  not a valid spanning tree. The 
described procedure  is repeated until the last element 
in the vector  has been tested.  

All of  the possible paths in P~ are valid spanning 
trees. However ,  in P,  the third and fourth paths in 
vector  form are (3, 0, I) and (3, 0, 5), respectively.  
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The first two elements  in both of these vectors  satisfy 
the test as valid paths,  but the third element in both 
cases comple tes  a cyclic path, and therefore,  the paths 
do not consti tute valid spanning trees. Likewise,  the 
first two paths in P3 are (2, 1, 0) and (2, 4, 0), and 
these are cyclic paths. 

A p p e n d i x  B 

The connect ion matrix and the matrix of non-zero ele- 
ments for the pa thway por t rayed in F i g u r e  2 A  are: 

0 n n 0 
U =  l 0 0 l 

l 0 0 n 
0 1 1 0 

The directed spanning 
ator of  the probabil i ty 
obtained as follows: 

°° i 
Q j =  1 4 

1 4 
2 3 

231 Q2 = 0 0 
1 4 
2 3 

23 i 1 4 
Q 3 =  0 0 

2 3 

Q4 = 1 
1 
0 

i 13i Q =  4 
4 
3 

trees that constitute the numer- 
of  occupancy  for each state are 

(0,1,1,2) -= o~210L31og42 
(0,1,1,3) -= O~21Ol31oL43 
(0,1,1,5) --= O~210¢31Of45 
(0,1,4,2) ~ °~21°~34~42H = P I  
(0,1,4,5) -~ o~21o~34o~45n 
(0,4,1,3) ~ %4a31c~43 
(0,4,1,5) ~ c~24~31~45 
(0,4,4,5) -= C~z4C~34cqsn 

(2,0,1,2) =- a12a3jO~a2n 

(2,0,1,3) ~ c~12c~31a43n 
(2,0,1,5) =- cq2e~3jcqsn = p~ 

(2,0,4,2) ~ eq2e~34eq2n 2 

(2,0,4,5) =- eq2%4cqsn 2 

(3,0,4,2) ~ a13a34c~42n 2 

(2,4,0,3) ~ cq2c~24cq3n 
(3,1,0,2) =- eq3%lcq2n  

(3,1,0,3) ---- oq3o~21oq3n = p3 
(3,1,0,5) ---- o~13o:21o~45g/ 
(3,4,0,3) -= Ot130L24~43B 
(3,4,0,5) ~ Og130/240L45F/ 

(2,4,1,0) -~ o~12o~24o~31r/ 
(2,4,4,0) ~ o~1~ot~4o~341/2 

(3,1,4,0) ~ o/13o~21o~34//" 
(3,4,4,0) -~ 0!130'240134?/2 

The denominator  of  each probabil i ty is the sum of the 
above numerators .  
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